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ABSTRACT: In enterprises, material flow, production time and storage for delivery are required to confirm security and safety.
We have used the real-time data with the fuzzy linear model for creating an aggregate production planning and tested the
model for enterprise safety issues. We found that adequate security is achieved in the proposed model.
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1. Introduction

Aggregate production planning (APP) is one of the most important part of operations management in competitive supply
chains. It concerns matching supply with forecasted customer demand over a planning period, which is usually one year in
practice. Generally, the aim is to determine required resources, which include production rate, warehouse levels, work force level,
overtime, etc., in such a way as to meet customer demand.

In the literature, it has been assumed most often, that all the parameters which are associated with the APP process, such as
customer demand, processing times, production capacities etc., are deterministic in nature (for example, [1]). In order to
handle uncertainties which characterise real world APP environments, and a randomness in customer demand, in particular,
various stochastic optimisation models have been proposed [2]. Furthermore, one can find in the literature that different
types of uncertainties encountered in APP problems, such as imprecise demand, production capacities with tolerance, fuzzy
processing times can be specified by production managers using imprecise linguistic terms. They have led to the development
of a number of fuzzy APP models and applications of fuzzy optimisation techniques [3]

In this paper, we propose a new fuzzy model for optimal APP in the presence of uncertainty. The novelty of the model is that
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the objective is to minimise the fuzzy total time required for production, storing manufactured products and their preparation for
delivery to the customer. We introduce uncertain factors to take into consideration uncertainty in customer demand which is
forecasted and can fluctuate around these values and uncertainty in manufactured quantities. As  all  the time parameters listed
above, customer demand deviations and the parameters which describe the output of manufacturing process are fuzzy,  both the
associated objective function and constraints become fuzzy, too. We adapt and apply one of the methods for transforming the
fuzzy linear programming optimisation model, with the fuzzy objective function and fuzzy constraints, into a crisp optimisation
model with both the crisp objective function and crisp constraints [4].

The paper is organized as follows. Literature review on APP models and methodologies used and methods of modelling
uncertain APP parameters is presented in Section 2. Problem statement is given in Section 3. The fuzzy aggregated production
and inventory planning model are described in Section 4, while Section 5 contains case study and analyses of results of different
experiments carried out using the proposed model. The conclusion is given in Section 6.

2. Literature Review

It is well recognised in the literature that treating uncertainty in APP models in an appropriate way brings an advantage to
handling real world APP problems and brings them nearer to the practice  [3]. Majority of the APP models handle uncertainty
using a classic probability theory approach, and consider only one type of uncertainty which is based on randomness and
frequency of a random event occurrence.

Linear mixed integer programs (MIPs) were developed to solve two production planning problems with demand uncertainty [5],
when the manufacturer had a flexibility to accept or reject an order. The MIP method in production planning problems for multi-
period and multi-items in maketo- order manufacturing system was used in [6]. Avraamidou and Pistikopoulos [7] developed a
bi-level mixed integer linear programming model for a supply chain under demand uncertainty.

A very important issue in modern production planning is energy consumption. Today, the most manufacturers invest significant
money assets to optimise and reduce energy consumption. In [8], a multi-objective linear programming problem with three
objective functions including operational expense, energy expense and carbon emission, was analysed.

Zadeh proposed a new approach to handle different types of uncertainty, by introducing the concept of fuzzy sets [9]. It  has
been demonstrated in the literature that fuzzy sets can be successfully applied to modelling uncertainty where available
information is vague or cannot be defined precisely due to the limited knowledge. One can find some good examples in the
literature on how fuzzy sets are applied in supply chain management problems, for example in supply chain partners’ collaboration
[10], in MRP (material requirement problems) [3], in serial supply chains [11], etc. Tang et al. considered both uncertainty in
customer demand and  production capacity and modelled them as fuzzy values in a multi-product APP model [12] A fuzzy multi-
objective mixedinteger non-linear programming model for a supply chain was proposed in [13]. Fuzzy customer demand was
considered in three objective functions that minimised the total supply chain cost, total maximum product shortages, and the
rate of changes in human  resources.

3. Problem Statement

A problem is to generate the optimum aggregate production and inventory plan for a supplier for a given planning time horizon.
The supplier operates in a “make-to-order” manner and has to prepare a production and inventory plan in such a way as to
satisfy customer demand and optimise an associated performance measure in the considered time horizon.

The planning time horizon is discretised into a series of subsequent discrete time periods. The APP determines 3 quantities to
be generated for each time period in the planning time horizon: (1) optimal production quantity to be manufactured, (2) the safety
stock quantity that should be kept in the warehouse and (3) the quantity that should be delivered to the customer.

If the same production line is used for manufacturing of different products for more than one customer, an efficient use of the
production line is of paramount importance for the production process.

All these uncertainties have to be taken into account when generating the optimal production and inventory plan.
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4. Fuzzy Aggregated Production and Inventory Planning

4.1. Notation
The following notation is used:
• i – index of a time period in a planning horizon, i = 1,…,n,

• D
i
 – customer demand in period i, i = 1,…,n,

• t
p
– fuzzy production time per unit of product (in minutes), with trapezoidal membership function t

p
= ( t
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....
) ,

• t
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– fuzzy preparation time for shipping to customer per unit of product (in minutes), with trapezoidal membership function
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– fuzzy preparation time for shipping to customer per unit of product (in minutes), with trapezoidal membership  function
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p  fuzzy factor for uncertain production quantity output in period i, i = 1,…,n, with triangular membership function w
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• T l – minimum “days of inventory” in the warehouse,

• T u – maximum “days of inventory” in the warehouse,

• C – machine capacity.

Decision variables:

• P
i
 – quantity manufactured in period i,

• Ss
i 
– safety stock in period i,

• Q
i
 – quantity delivered to customer in period i.

4.2. Fuzzy App LP Model
The objective is to minimize the total material lead time Z  including the production time t

p
 p

i
 , warehouse time t

s
Ss

i 
required

for storing safety stock of manufactured products and time for preparation of delivery to customers t
t
 Q

i 
, as follows:

The following constraints are considered:
Uncertain customer demand w

i 
d  D

i
 in each time period i is satisfied using the uncertain production w

i
p P

i
 or safety stock Ss

i
:

The safety stock  Ss
i+1  
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i 
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The safety stock  Ss
i 
  in period i  is defined by a supplier’s target to cover between  T l and  T u days of  uncertain customer

demand w
i
d  D

i 
 in that period:
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The delivery Q
i 
 in each period i must be equal to uncertain customer demand  w
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 in order to operate with the maximum

service level - 100%.
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Decision variables P
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i 
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i 
 in each time period i are non-negative:
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4.3. From the Fuzzy App Optimization Model to a Crisp App Optimization Model
We applied a method developed by Jimenez et al [4] to transform the fuzzy APP model into a crisp APP model. We  adapted
it in such a way as to handle fuzzy parameters in the objective function with trapezoidal membership functions.

The transformation includes 3 steps as follows.

Step 1. The decision maker specifies the feasibility degree  of constraint satisfaction he/she is ready to accept. Let us assume
that the lowest feasibility degree that the decision maker is ready to consider is Neither acceptable nor unacceptable solution -
 of course, it can be changed to any other feasibility degree  from interval [0, 1].

The crisp optimisation model is solved iteratively for each feasibility degree  = 0.5., 0.6,...,0.9,0.95,0.99 and 1 where each
solution is -feasible, i.e., the minimum of feasibility achieved for all constraints is . The b-feasible solution  P

i 
, Ss

i 
 and

 
Q

i 
 are

found as follows.

First, fuzzy parameters t
p
 , t

s
 and t

t
 in the objective function are mapped into their crisp expected values. They are calculated as

the middle points of the Expected intervals.

Step 2. The decision maker specifies tolerance thresholds to obtained fuzzy objective function values achieved for different -
satisfaction of constraints. The shortest time Z will be achieved for the lowest constraints’ satisfaction  = 0.5 and the longest
time Z for the highest constraints’ satisfaction  = 1. We assume that the tolerance function G is linear between these two
tolerance thresholds, the shortest time Z and the longest time Z . The membership function is:
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Step 3. Balance between the feasibility degree of constraints  and the satisfaction degree of solution, is K
G 

(Z ()) calculated
as:

The solution P
i 
 , Ss

i 
 ,

 
Q

i 
 , i=1,...n which achieves the highest balance                max              K

G
 (Z()) , is recommended.









5. Case Study

We considered a first tier supplier in the automotive industry located in Serbia, which has become an increasingly important
industrial sector in the recent years. The factory supplies window regulators to a number of European car manufacturers.

. K
G 

(Z ())
 (12)

We analysed one production line which manufactures multi products for two different customers. All products belong to the
same product family. They are packed in two types of plastic containers specified by the customers. The developed fuzzy
APP model is applied to determine the minimal time required for production and logistics processes. The planning horizon
is selected to be a period of 12 weeks. Customer demand forecast for 12 weeks is a typical mid-term forecast used in the
automotive industry for production planning. A longer period of customer demand has huge uncertainty and is not reliable for
sustainable production planning.

The result of fuzzy APP model is presented in Table 1. The calculation is performed using formulas (1-12) and simplex
method of classical LP solver. An algorithm is developed in software Visual Studio 2015 in C++ programming language. The
performance of computer: Intel processor i3-2120 (3M Cache, 3.30 GHz), 8G RAM memory (2133 MHz).
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Table 1. Results of the Fuzzy APP Model

Fuzzy factor w
i
p   is symmetrical triangular fuzzy number and modeled by logistics expert in enterprise as 10% of production

output deviation (0,9, 1, 1,1). Fuzzy factor w
i
p   is symmetrical triangular fuzzy number and obtained as previous calculation

based on customer demand deviation in enterprise in period of 12 weeks before testing time window of 12 weeks:
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Table 2. Comparing with Two Strategies of  Production and Inventory Planning
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Where f
i
 is demand fluctuation, D

i
 customer demand prediction different for every week i, and  is standard deviation of D

i
 ,

i=1,....,12. Production time t
p 

, time for safety stock storing in warehouse t
s
, and time for preparation of shipment to customer t

t

are measured in enterprise and presented as nonsymmetrical trapezoidal fuzzy numbers: t
p 

=
 
(0,20,0,21,0,23,0,25), t

s 
=

(0,020,0,023,0,028,0,04), t
t 
= (0,075,0,077,0,082,0,086) minutes per unit product. The target of safety stock keeping
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days used in calculation is betwwen T l = 3 and T u = 5 days. the machine capacity is C = 19000 pcs/week for 5 working days in
a week.

The optimal value of objective function in fuzzy APP model is 66153 minutes for whole time window of 12 weeks (5512 minutes/
weekly; 1102 minutes/daily; 18,4 h/daily) for feasibility degree b = 0,8  (Table 1). Testing is performed in enterprise for both
common used strategies of production/inventory planning and compared with realized production plan in enterprise and result
of fuzzy APP model. For comparing purpose an initial safety stock  value in week 1 for both strategies and realized production
plan is supposed Ss

1
= 10000 pcs . The result of fuzzy APP model for week 1 is Ss

1
= 17031 pcs.

In Table 2 .are presented data for both strategies of production and inventory planning in enterprise. For every strategy and real-
world data the delivered quantity is the same   Q

i 
= 200809 pcs of goods for period of 12 weeks. The  quantity of safety stock

 Ss
i
 and produced parts  P

i
 are different. They are highest in strategy of using maximal capacity 275033 and 228000 pcs,

respectively. The safety stock quantity is lowest in strategy with 3 days of inventory,  Ss
i 
= 120576 pcs.

An objective function value (Table 3) which represents the total time required for all production and logistics operation in
delivery goods to customers is the highest and in same time the most unfavorable in strategy with maximal capacity usage;  it is
74476 minutes for 12 weeks (6206 minutes weekly, 1241 minutes daily, 20,7 hours daily). The lowest total time is in  strategy with
using safety stock target 62760 minutes for 12 weeks (5230 minutes weekly, 1046 minutes daily, 17,4 hours daily). The outcome
of fuzzy APP model shows better result than strategy prod. planning using maximal prod. capacity and realized prod. plan in
enterprise. Comparing with strategy with using safety stock target of 3 days the outcome is worsebecause the safety stock
target used in fuzzy APP model is between 3 and 5 days. Normally the objective function is higher.

Realized  production
plan in enterprise

Prod.planning with
using maximal prod.
capacity (C=19000
pcs/week)

Prod. planning with
using  safety stock
target (3 days of
coverage)

Results of
experiment  from
fuzzy APP model

object.
function.

Inven
cover

object.
function.

Inven
cover

object.
function.

Inven
cover

object.
function.

Inven
cover

74476                               62760                           66640                        67822

6,9                                     3                                  4,5                              4,6

4. Conclusion

The review of the published APP models in literature showed that they did not consider and analysed the material flow time
in the APP problems. All of the APP models have been developed to minimize operational cost in manufacturing, dealing with
impacts on production, inventory or delivery costs. However, in some industrial sectors, the material flow time is a very
important factor and cannot be neglected, because it has a big impact on the total measure of manufacturer performance. We
consider a real world APP problem in the automotive industry and develop a fuzzy LP model which considers a material flow
as the measure of performance. Results obtained using the proposed APP model are better compared to the practical results;
the total material flow time is  shorter using the proposed APP model. Practical application of the APP model in the factory
would contribute to optimised production and inventory plan with higher customer satisfaction with the service level. Finally,
the cash flow in the factory can be much improved.
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