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ABSTRACT: In this paper, we demonstrate the analytical method for the solving of the inverse kinematics of 6 DOF manipu-
lator arm, the FANUC 2001 C, those solutions can be chosen after analysis of the Jacobian matrix, simplification and decompo-
sition of this matrix leads us to solve a nonlinear equation with two variable, that we will limit the number of solution found,
and that will give us the real workspace of robotaccessible by the end-effector. We validate our work by conducting a
simulation software platform that allows us to verify the results of manipulation in a virtual reality environment based on
VRML and Matlabsoftware, integration with the CAD model.
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1. Introduction

In telerobotic,the current problem of robotic systems hasresulted in the reduction of physical workload of the operator, coupled
with anincreasein mental load.

To carry out ateleoperation action, it's necessary to provide the operator in the command/control situation, information on the
progress of thetask in theworksite, i.e. An assistance to the operator for perception, decision and control. That largely explains
the development of the current artificial assistance techniques.

The purpose of this paper, isto present the results of agraphical simulation of robot control industrial manipul ator Fanuc 6 DOF
in an environment with asynthetic representation of the scene (virtual world), which consists of all relevant objects modelsfrom
the task site.

Updating and animating of thisvirtual world, based on new mathematical techniques resulting from human reasoning field.

Initially, the robot was programmed and model ed by the manufacturer, with opaque and limited softwarefor possible extensions.

For our use,wewill try to devel op a software model to an open system using the Matlab mathematical softwareinavirtual reality

Journal of Intelligent Computing Volume 5 Number 3 September 2014 91




(VRML).We will determine the boundaries of the work-space of the robot arm, that are defined by the mechanical articulation
limits and by singularities[1, 2], several studies on this subject have been made [10, 11], For thiswe proceed by atheoretical
study of the robot in order to identify geometric parameters, to determine the geometric and kinematic models required to our
study.

2. Description of the Geometry of Fanuc 200ic Robot

Thekinematics of thewrist isaRRR type, hasthree revolute jointswith intersecting axes, equivalent to aball socket (Figure 1).

o

+180° OPTION

-180°OPTION
1700

Figure 1. Dimension of the robot and the workspace. [4]
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R4=410R6=80

From amethodol ogical viewpoint, firstly we place ZJ. axes on the joint axes, then the XJ. axes, the geometric parameters of the
robot are determined. The placement of framesisshownin Figure (Figure 2).
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Figure 2. Real and complete architecture of FANUC robot
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Axes 4,5 et 6 are concurrent axes, they presented the orientation of the end-effector, and they don’t affect its position, for this,
we can be defined a E matrix that represents the translation of the coordinate system frame of the end-effector relativeto the R,
frame, this translation along the z axis is equal to R, + r, such that is the length along the same axis of the terminal member
attached to the tool (e.g. A clamp) figure 3.

So, we get the modified following sct -
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Figure 3. Architecture of the FANUC robot with Intersecting Axes

, : -z
» The Passing from Z, — Z, isdonewith a% rotation angle, around x, axis,thereforethe angle a, = 5

* The passing from x, — X, isdone with g , around Z, axis [1]. These passages areillustrated in the figure Figure 4.

Thus:

Theinitial position of X, (the robot isin rest) correspondsto % +6, angle (with 6,= 0 in rest) therefore 6, (in motion)

becomes: 92 receives 92+£ .
2

joint o o d 0, R
1 o] o]0 |6
2 |0 | 90| d2| Z+6,
3 o]0 [d]| g 0
4 | 0| 9|d| 6 |R4
5 [0 |-9| 0| 6 |O
6 | 0| 9o 6, | O

Tableau 1. Modified geometric parameters D-H of the FANUCTrobot. [8]

3. GeometricModd of theFANUC Robot

The homogeneous transformation matrices:
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Figure4. Elementary Rotation of axes
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Where: C, =cos(6,)
AndS=sin(6)

3.1Direct Geometric M odel
The direct geometric model (DGM ) is the set of relations which express the position of the end-effector, i.e. operational
coordinates of the robot, according to its joint coordinates. In the case of a simple open-chain, it can be represented by the

transformation matrix OTk .
k .
T=I1._ T (q) @

Realizing the composition of transformations universal frame R, until frame Ry of equation (2) we obtain:
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— 1 2: 3 4 5 . f —

O, = OT,. 1T, 2T, °T,. “T,. 5T Letusnote: 'T_=°T_.E 3
SX nX aX pX
s n a p

f-l— — y 'y y 'y (4)

SZ r‘IZ aZ pZ
00 01

E= OTE: Transformation matrix of tool framein the end-effector frame.

Thatis: T =°T,.E

With: .
P="T.(L4),

P,= T (2,4); )
_ f .
P,="T.(34);
After calculation and identification of the terms of two matrices of the equation (3) (4), wewill have:
f . — T(1-
T-(1:3,4=T(1:3,4)

P, =C1d2 + R6[C5C1C23+ S5(SLSA - CAC1S23)] — d4C1S23+ RAC1C23— C1203
P,= 02S1 - d4S1523+ R6 [ C5SLC23 - Sb (C14 + CASIS23)] + RASIC23 - 3812
P,= C20i3+ d4C23 + RAS23+ R6 [ C5S123+ CAS23]

2. InverseKinematic M odel

©)

Theinverse problem isto cal culate the joint coordinates corresponding to a given situation of the end-effector. When it exists,
theformwhich givesall the possible solutions constituteswhat one callstheinverse kinematic model (IKM). We can distinguish

three methods of calculating of:

- Paul’smethod. [ 10]

- Pieper’'smethod. [9]

- General method of Raghavan& Roth.

Several iterative methodsto find the IKM [6, 7] have been made, in our case, and analytical methods such asin [13], Pieper’s

method is suitable for manipulator arms with concurrent wrist axes are used.

2.1InverseKinematic M odel of FANUC Robot

c
[
o
=
~, 0, 0.0

With °A_orientation matrixof frameR_ /R

2.1.1 Calculation of 01 02 and 03
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u,= T, .E
-1 _
U,.Et=T,
Sl — -1
U,=U,.E
With annew orientation matrix
1 N T
T,.U,.[0001]

Implies . - T
T,.U,.[0001]"="'T,..[000 1]
And
N
_ T,.U,.[0001]"
Implies

T,.[0001]"="T,.[0001]"
Because we have athree intersecting axes While using Matlab mathematical software we found:

C1P, +R6CL+P Sl =d2— d3R2- d4S23+ RAC23

R6SL+CIP —P S1=0 ®
y X

P,= C2d3+d4C23 + RAS23

With:
C23=cos (0, + 6,)

S23=sin(6, + 6,)
By using the 2" equality of (8)

—S1 (PX -R6) + ClPY =0
Thus:

{Ql:ATANZ (P, P,~ R6) o

0,=06,+rx
1 1
From a1% equality of (8) we make:
C1P —R6C1+ PySl— da2=A

And the al became

A=d32-d423+R4AC23 0
10
P,=C2d3+ d4C23+ RAS23
From a1% equality of (10) wedraw 2
RAC23-d4S23-A
L= (11)
d3
From a2™equality of (10) wedraw: C2
P,—04C23 + RAS23
C2= (12)

d3

Therefore:
d3? %= R4A?C23%+ d4%S23°— 25R4AdAC2323 + A% — 2ARAC23 + 2AdA3

d3? S2°= P2+ d4°C23°- 2P d4C23 + RAP23° + 2P RAS23 + 2RADAC2323
d3%=C23°[R4%+d4?] + 23°[RA°+d4%] + C23 [ 2ARA— 2P d4] + S23[2Ad4— 2P R4] + P * (13)
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We pose X=—2AR4-2P d4
Y=2Ad4 - 2P R4
H=R&+d# +P?-d3*+ A°

Wereplacein (13):
XC23+YS23+H=0

—YS23 =XC23+H
Y?2-Y?2C232 =X2C23% + 2XHC23+ H?
(X2+ Y?) C23%+2XHC23+ (H?-Y?) =0

Equation (According to C23) of the second degree admitstwo real solutionsif A >0 with:
A=(2XH)2 -4 (X?+ Y) (H?-Y?) Thus:

—2XH: A
2(X2+Y?)

3= [1-c23?

{ 6, - ATAN2 (2, C2)

Wereplaceitsin (11) and (12) wefind:

6, = ATAN2 (523, C23) -

2.1.2 Calculation of 04, 05 and 06
We have found 6,0, and 0,; therefore the matrix OT3 isknown:

— 3 -3
UO—°T6=> T,U,=°T,

4T3TU —4T ﬁ
01

C4V13 + AV 13- C4V12 - S4V32 C4Vll + S4V31
M= C4V33— S4V13— C4V32 + S4V12 C4V31— S4Vll
_V23 V22 _V21

C5C6 —-C5C6 S5
A= > 6 0
-C6C5 $% C5

(14)
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°A;=(2,3)=0; M(2,3)=C4, - SAV,,
So by identifying:

{04 = ATAN2 (V,,, V) (15)

@=@+n
M(@3,3)=-V,,
°A,(3,3)=C5

8 :e=+ &:e=—1 & :e=+1 &:e=-1

/
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6, 8, 6, [ A b, 8, g,

Figure5. Tree structures of solutions of the IKM
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Figure6. Main Interface
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M(1,3)=CaV +$4 “A (1,3)=5 (16)
6,= ATAN2(M (1, 3), M (3, 3))
M(2,1)=CAV,,— AV, *A (2,1)=S5

M(2,2)=—CAV,,— AV ,"A (2,2)=C6

Thus
5 _ M(2,1)

C6 M(2,2)
6,=ATAN2 (M (2,1), M (2, 2)) a7

Wewill have up to 8 solutions outside the singular positions; some of these configurations may not be accessible because of joint
limits. Anillustration of these 8 solutionsis represented by Figure 5.

variable articulaire

L r_L' thetal 0
e |

theta2 0
theta3 o
thetad 0
thetaS 0
thetab 0
solution 1 -

— variable articulaire

thetal 0

theta2 0

theta3 0

thetad 180

thetas 0

thetat -180
solution 2 ~r
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2.1.3Eight SolutionsCorresponding toa Given Configuration
We developed for this study a graphical interface with Matlab,where we integrated the robot designed with CAD [5] in the
application under VRML for visualizing well and to handle the arm, figure 6 showsthe general pace of thisinterface.

We choose as aconfiguration of demonstration, theinitial position of the arm manipulator such as: p, = 565, p,= 0, p,=475.

— variable articulaire-

/5

thetal 0

theta2 -81.5988
theta3 159.2674
thetad 180

thetas 77 6686
thetat -180

solution 3 ":

variable articulaire

thetat 0
theta2 -81.5988
thetas 159.2674
thetad 360
thetas -77.6686

thetat 2.9971e-015

solution 4 v

3. Singularitiesof FANUC Raobot

We can find singularities from any Jacobian matrix, but we often choose the projection of theG\]6 matrix inthe R referenceframe
which gives usthe simplest iJ6 matrix. [1]

Sothe J" column of 6J6 Jacobian matrix is;
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GJ_:

X

-variable articulaire-

thetal

theta2

theta3

thetad

thetas

thetab

solution 5

180

76.246

27.68

7.2292e-015

76.074

180

variable articulaire-

thetal

theta2

theta3

thetad

thetas

thetat

solution 7

S
y
P+ n [.P
y | Y| ' x
a
y
S
z
n
z
a

180

23.1438

131.5874

1.6438e-014

25.2688

180

(18)
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variable articulaire-

thetal 180
theta2 23.1438
thetad 131.5874
thetad 180
thetaS -25.2688

thetab | _16664e-014

solution 8 |

Figure6. Illustration of the 8 solutions of IK inthe VRML interface
In our case this matrix will be the projection of 3J6 inthe R, reference frame, thus we will obtain the Jacobian matrix 3J6which
definesR; thereference frameinthe R, frame.
o= 2 % ®©
6B C

Where: A, B, Cand 0, arematrices of (3 3)dimension.

The 3J6 matrix has particular form as:

det (°J,) = det (A). det (C) (20)
In order to calculate ], It is necessary that det (J) # OTherefore:
det (A) =0
det (A). det (C)=0=> { ou (21)
det (C)=0

det (C) — S5C4?— A2
det (C)=0=> $=0

Figure7. Singularity of wrist
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Thus: 6,=00r 6,=7
6= 7, because of obstinate mechanics, 6, angle can be taking afirst solution only, so 6,= 0 Thus: det (C) =0=> 6,=0 (22

With this configuration, the two articulations and have their confused axes, which makes lose a degree of freedom to the
robot, the rotation of the end-effector can be done is by the rotation ofor, the robot thus has practically 5 DOF.

det (A) = d3[ C3R4— d4S3][d2 + d3S2 + C2C3RA— C204S3 + C3d42 + RAST]
= d3[ C3R4 — d4S3][d2 + d3S2 + C2(RAC3 — d4S3) +S2 (RAS3 + d4C3) |

d3[ C3R4—d43] =0
det (A)=0 or (23
d2 + d3S2 + C2(RAC3 — d4S3) +2 (RAS3+ d4C3) =0
g B _H
C3RA-USI=0=> 75 = 4
Thus:
0,=ATAN2(R,, d,) = 1.3899
(24
0,=6, +m=45315
d2 + d3 + C2 (RAC3— d43) + 2 (RAS3 + d4C3) =0 ()

That it becomes to solving a non-linear equation with two unknown 6,, 6, analyticaly is difficult, we use the mathematical
software Matlab to find the solutions geometrically:

We can display this result with atablecloth of the three variables 6,, 6, and 3:

This solution is purely mathematical because 6,, 6,€ [-7, +r], and as we have constraints at the articular space because:

(—1.7453< 02<2.2689 et —4.0143< 03< 1.5708)

figure 8 becameasfollows:
12300000 cnﬁttela?') -...+ 69490000 costtetaa} sin[tetaz} sin{tela3} =0

/A A A A -

teta,

Figure 8. Branches of the singularities without butted in 6,, 6, plan
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12300000 cositetas) -...+ 63430000 cos(teta,) siniteta,) sinfteta,)

teta -
3 teta2

Figure 9. Surface of Singularities

12300000 cos(teta,) -...+ 63490000 cos(teta,) sin(teta,) sin(teta,) = 0
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H ' -rp__.-'"
R S s e
: : e
v ' I):l" : '
mﬁ _1 I Bmmmm e e JI ________ t--._/.';cr:r_J: ........ [ B e e JI_.__
- Ve
: : i : . .
i : P : ' ' i
3""1: ------ E """ /E'/ ------- 1:1 -------- gEEmm g Arm = A -:’_7/—“
P S - Pe
2R
- | | ] | | = |
-1.5 -1 -0.5 0 0.5 1 RS 2

Figure 10.Singularities branche with buttes

5. Conclusion

The inverse kinematic model gives us the eight solutions of the positions of the end-effector apart from the singularities, we
could visualizethemin avirtual environment by using asoftware other than the manufacturer’s software, the space work of the
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armislimited by the articular thrusts and the branches of the singularities, which are represented in the form of curvesand right-
hand sides while solving an equation with two unknown. Several mathematical tools are used in this study, whose validation of
our work was made using Matlab. We can thereafter consider other research orientations such as the generation of motion and
the planning of trajectory [3].
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