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ABSTRACT: Aiming at deficiencies of the ability for

preserving local nonlinear structure of recently proposed

Regularized Orthogonal Linear Discriminant Analysis

(ROLDA) for dimensionality reduction, a kind of

dimensionality reduction algorithm named Regularized

Orthogonal Local Fisher Discriminant Analysis (ROLFDA)

is proposed in the paper, which is originated from ROLDA.

The algorithm introduce the idea of local structure

preserving  in  Local Fisher Discriminant Analysis (LFDA)

on the basic of ROLDA, following properties of ROLDA

and strengthening the ability for capturing local structure

information of data with nonlinear structures. Experiments

on real face datasets demonstrate the effectiveness of

our proposed algorithm.
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1. Introduction

In applications of data mining, high-dimensional data lead

to too much redundant feature information and increase

the computational complexity of disposing.  Hence

dimensionality reduction is necessary. The purpose of

dimensionality reduction is to find a low-dimensional

representation of the high-dimensional data at minimum

cost in the process of preserving certain features. The

most well-know initial dimensionality reduction methods

are Principal Component Analysis (PCA) [1] and Linear

Discriminant Analysis (LDA) [2]. As supervised

dimensionality reduction, LDA searches the projection

axes on which the not-same-class points are far from each

other while requiring the same-class points to be close to

each other. Therefore, LDA encodes discriminating

information in a linearly separable space and is

successfully applied into face recognition. However, it is

much expensive to attain plenty of class labeled samples

in practical applications of face recognition, which cause

that the total scatter matrix can be singular in LDA since

the data points are from a very high-dimensional space

and thus usually the number of the data samples is much

smaller than the data dimension. This is known as the

undersampled problem. To solve the undersampled

problem in LDA application, extensions of LDA can be

proposed in the literature. The two-stage LDA is proposed

in [3-5], which is to apply an intermediate dimensionality

reduction stage to reduce the data dimensionality. Although

this method is simple, some important information is

removed in the intermediate dimensionality reduction

stage. The regularized LDA (RLDA) is proposed in [6-10],

which is to consider regularization by adding the

perturbation to the total scatter matrix. The methods based
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on pseudoinverse [11] are applied to avoid the singularity

problem, including orthogonal LDA (OLDA) [12-13], null

space LDA (NLDA) [14-16], uncorrelated LDA [17], QR/

GSVD-based LDA [18-20]. OLDA obtains easily the optimal

transformation matrix by only orthogonal transformations

without computing any eigen-decomposition and matrix

inverse. Moreover, OLDA is implemented by using several

QR factorizations and is a fast one.

In above extends of LDA for the undersampled problem,

RLDA is an efficient method with little computation. The

major problem of the RLDA is to choose an appropriate

regularization parameter. Usually these RLDA algorithms

select the regularization parameter from a given parameter

candidate set by using cross-validation for classification.

But how to choose an appropriate candidate set is not

clear. Therefore, up to now, there is no concrete

mathematical theory available in selecting an appropriate

regularization parameter in practical applications of the

RLDA. For filling this gap, Ching et al proposed

Regularized Orthogonal Linear Discriminant Analysis

(ROLDA) [21]. ROLDA derives from the mathematical

relationship between OLDA and RLDA and finds a

mathematical criterion for selecting the regularization

parameter from the relation. However, the performance of

ROLDA tends to be degraded on non-linear data because

that ROLDA is originated from LDA which works very well

if the samples in each class follow Gaussian distributions

with a linear covariance structure. To overcome this

drawback, Local FDA (LFDA) [22-23] has been proposed,

which combines the ideas of FDA and LPP to maximize

between-class reparability while preserve within-class local

structure. LFDA can provide more separate embedding

than FDA.

Inspired by LFDA, a kind of Regularized Orthogonal Local

Fisher Discriminant Analysis (ROLFDA) is proposed for

dimensionality reduction. The algorithm introduces the idea

of LFDA into ROLDA, preserving local structure information

of samples and calculating the regular parameter

automatically. Therefore ROLFDA can be applied in high-

dimensional data with non-linear structure. Experiments

on YaleB and AR demonstrate the proposed algorithm is

valid.

The rest of the paper is organized as follows: Section 2

reviews LDA, LFDA and ROLDA. Our ROLFDA is

introduced in Section 3. In Section 4, we compare ROLFDA

with some related works. The experimental results and

analyses are presented. Finally, we provide some

concluding remarks and future work in Section 5.

2. Related works

2.1 Linear Discriminant Analysis (LDA)

Given samples X = {x
i
 | x

i 
∈ R d}

i  = 1
, containing C classes.

n denotes the number of samples. The goal of LDA is to

seek a projection matrix T such that the between-class

scatter is maximized and the within-class scatter is

minimized in projected data. The objective function of LDA

is as follows:

n

T = arg max tr ((T T S wT )− 1 (T T S bT ))
T

Where Sb denotes the between-class scatter matrix and

Sw denotes the within-class scatter matrix Sb and Sw are

defined as follow:

(1)

S b =  (x
ij
− x

 
) (x

i
− x )T

Σ
 1
n

(3)

Where x
ij
 denotes the j th sample in the i th class.
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class. (1 )
i
n i C≤ ≤  denotes the number of samples in the i th

class.

Equation (1) may be further transformed into following

generalized eigenvalue problem:

denotes the average of all samples X,

x =  x
ijΣ j = 1

 1

n
i

n
i

n
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S b t
m 

= (4)λ
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, m = 1,..., l (l < d )

Get the projecting matrix T = [t
1
, t

2
,..., t

l
].

2.2 Local Fisher Discriminant Analysis (LFDA)

LFDA is a localized variant of Fisher discriminant analysis.

LFDA takes local structure of the data into account so

the multimodaldata can be embedded appropriately. LFDA

redefine S (lb) and S (lw) as follows:

S (lb) = W
i, j 
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Where x
i
  is the kth nearest neighbor of x

i
, A

i, j 
denotes the

affinity weight of x
i 
and x

j
, the parameter represents the

local scaling around x
i
. The objective function of  LFDA is

defined as follows:

k

T = arg max tr ((T T S (lw)T )− 1 (T T S (lb)T ))
T

(11)

′

′
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2.3 Regularized Orthogonal Linear Discriminant

Analysis (ROLDA)

On the base of RLDA [7], the objective function of ROLDA

is as follows:

T = arg max tr ((T T S w T + λI)− 1 (T T S b T ))
T

(12)
s.t. T TT = I

Where, the appropriate regularization parameter λ is

selected according to [12].

3. Regularized Orthogonal Local Fisher Discriminant

Analysis (ROLFDA)

3.1 Basic idea

(1) RLDA is an efficient algorithm for the undersampled

problem. However, the main task of the regularized LDA

is to choose an appropriate regularization parameter λ. If

is λ large, information on the scatter matrix is lost. While

if it is too small, the regularization may not be sufficiently

effective. Usually existing RLDA methods select the

regularization parameterfrom a candidate set of the

regularization parameter given with the cross-validation

method. It has been shown in [30] that the matrix

computations involved in the regularized LDA can be

simplified so that the cross-validation procedure can be

performed efficiently. However, for RLDA methods, it is

not clear how to choose an appropriate candidate set.

ROLDA makes the analysis of the relationship between

OLDA and RLDA .By means of this relationship, ROLDA

find a mathematical criterion for selecting the regularization

parameter in ROLDA. Consequently ROLDA develops a

new regularized orthogonal linear discriminant analysis

method, in which no candidate set of regularization

parameter is needed.

(2) In many practical applications of data mining, intrinsical

low dimensional data often lie in a very high dimensional

space. It is important to explicitly take into account the

structure of the manifold on which the data may possibly

reside.  LPP is to find the optimal linear approximations

to the eigen functions of the Laplace Beltrami operator on

the manifold, sharing many of the data representation

properties of nonlinear dimensionality reduction such as

Laplacian Eigen maps or Locally Linear Embedding. LPP

keeps nearby data pairs in the original space close in the

embedding space, by which nonlinear data can be

embedded without losing its local structure. LFDA

combines the idea of LPP and FDA, inheriting merits of

them.

As above analyses, on the base of ROLDA, the idea of

local preserving in LFDA is introduced. This will overcome

the poor ability of ROLDA for capturing the local structure

and inherit characteristics of them.

3.2 Objective function

On the base of Equation (12), the objective function of

ROLFDA is defined as follows:

T = arg max tr ((λ (T T S (lb) T ) +  (T T S (lw) T ))− 1 (T T S (lb) T))
T

(13)
s.t. T TT = I

Where, according to [11], the regularization parameter λ

is solved with following steps:

(1) Given samples X = {x
i
 | x

i 
∈ R d}

i  = 1
, containing k class

face. Firstly, R and Q
1
 are gotten via QR-decomposition

as follows:

n
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1
⎡
⎣
R

0

⎡
⎣

     (14)

Where Q
1
∈Rd × n is column orthogonal.
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1
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(3) calculate
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] = Q
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Where R
1, 1 

∈ R q × (k − 1) and R
2, 2 

∈ R (γ − q ) × (n − k) are of full row

rank.

(4) calculate λ

λ =

|| R
2, 2 

||
 2 (1+ ||R

1, 2 
R

2, 2 
||

 2 
[ε + 2 (1 +   2 ) (  n − q + ||R

1, 2 
R
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 F
)])
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ε
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Where ε denotes error, R
2, 2 

denotes the pseudo inverse of

R
2, 2 

.

3.3 Algorithm steps

Input: samples X = {x
i
 | x

i 
∈ R d}

i  = 1
 with C class, error ε >

0.

Output:the column orthogonal projection matrix T∈ Rd × l .

Steps:

(1) calculate W (lb)  W (lw) using Equation (7) and Equation

(8)

n

I −

ϑ
i
 =

ϑ = I −

(+)

     (16)
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(2) calculate Q
1
 using Equation (14).

(3) calculate X
1
, X

2
 and X

3
 using Equation (15).

(4) calculate R
1, 1

, R
1, 2 

and R
2, 2

 using Equation (18).

(5) calculate λ using Equation (19).

(6) transform Equation (12) into following generalized

matrix problem:,

S (lb) t
m 

= β
m 

(λ S (lb) +  S (lw) ) t
m 

, m = 1,..., l

and calculate T = [t
1
, t

2
,..., t

l
].

4. Experimental results and analysis

4.1 Experimental Datasets and Settings

Face datasets are typical high-dimensional data with

nonlinear structures.  In the experiment, YaleB and AR

are selected and are describe as follows:

1) YaleB contains 2414 front-view face images of 38

individuals. For each individual, about 64 pictures were

taken under various laboratory-controlled lighting

conditions. In our experiments, The cropped images with

the resolution of 32 × 32 are used. A group of samples in

YaleB are shown in Figure 1.

2) AR database contains over 4000 face images of 126

individuals. For each individual, 26 pictures were taken in

two sessions (separated by two weeks) and each section

contains 13 images. These images include front view of

faces with different expressions, illuminations and

occlusions. In the experiment, them are resized to 66 ×
48. A group of samples in AR are shown in Figure 2.

RLDA and ROLDA are compared with ROLFDA and the

Nearest Neighbor Classifier is adopted in order to verify

the performance of our algorithm. T images are selected

randomly from a group face and remains for test samples.

Moreover, the regularization parameter λ in RLDA is set to

0.1 and the neighbor parameter k in ROLFDA is set to 7.

4.2 Experimental Results

Experiments are made under different T and different

reduced dimensions. All experiments are repeated twenty

times and average recognition accuracy rates are gotten.

Reduced dimensions are selected with the certain

increment and corresponding average recognition

accuracies are calculated. Experimental results are shown

in Figure 3- Figure 4

Figure 1. A group of samples in YaleB

Figure 2. A group of samples in AR
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Figure 4. Experimental results on AR with T

From above Figure 3- Figure 4, in the term of the relation

of recognition accuracy and reduced dimensions,

conclusions can be drawn as follows:

(1) With increase in reduced dimension, the recognition

accuracy rate of all algorithms promote rapidly firstly and

go smoothly, which shows that these algorithms can get

most recognition accuracy rates in low dimension .The

reasons is that they is originated from LDA with the merit.

(2) ROLFDA is superior to RLDA and ROLDA in AR and

YaleB with nonlinear structures, which is illustrated by

that ROLFDA infuses efficiently the characteristics of

preserving local structure in LFDA while RLDA and ROLDA

fail to capture local structures.

Moreover, in the term of the relation of recognition accuracy

and the number of training samples, some following

conclusions are drawn:

1) As experiments on YaleB show, the most recognition

accuracy rate of ROLFDA is respectively higher than that

of RLDA and ROLDA when T is set to 10. The gap between

them becomes larger when T is set to 20. This illuminate

that more training samples is helpful for ROLFDA to capture

the local structure feature.

2) The performance of ROLFDA is better under T = 20 than

that under T = 10, which shows that more training samples

make it for ROLFDA with the power ability for capturing

local structure features to be more applied on AR with

power external disturb, including illuminations and

occlusions.

5. Conclusion

In the paper, Regularized Orthogonal Local Fisher

Discriminant Analysis (ROLFDA) for dimensionality

reduction is proposed. Aiming at the deficiency on the

ability for capturing local structures information, ROLFDA

introduce the idea of preserving local structures in Local

Fisher Discriminant Analysis (LFDA) on the base of

ROLDA, inheriting merits of ROLDA and promote the

ability for local learning.  Experimental results on YaleB

and AR show the proposed algorithm fuse efficiently LFDA

and ROLDA. However, for ROLFDA, the local structure

preserving is based on the approximation of linearization

instead of instinct geometrical structure. How to fuse other

nonlinear algorithm in ROLFDA is our next work.
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